In a discrete-time financial market setting, the paper relates various concepts introduced for dynamic portfolios (both in discrete and in continuous time). These concepts are: value preserving portfolios, numeraire portfolios, interest oriented portfolios, and growth optimal portfolios. It will turn out that these concepts are all associated with a unique martingale measure which agrees with the minimal martingale measure only for complete markets.
81 Introduction and Summary.
The concepts of value preserving portfolios, numeraire portfolios, growth optimal portfolios, or that of the minimal martingale measure have all been developed independently and with totally different intentions. Some were introduced in a discrete-time setting and some in a continuous--time setting whereas we here restrict attention to the discrete-time framework. While the minimal martingale measure has been introduced by Fijllmer and Schweizer (1991) in the context of option hedging and pricing in incomplete financial markets, the growth optimal portfolio is defined as the dynamic portfolio maximizing the expected logarithm of the associated value process at every future time instant. In contrast to that, the concepts of a value preserving portfolio [cf. Hellwig (1989) ] and of the numeraire portfolio [cf. Long (1990) ] can be seen as lying somewhere in between the valuation and the portfolio optimization problem. However, the main aim of this paper is to demonstrate that all these concepts have close relations to each other. In fact, they are in many cases equivalent in a sense that will be ma& more precise later on. The paper is organized as follows. Section 2 contains the description of the discrete-time financial market setting. The above mentioned concepts are introduced in section 3 while section 4 will be specially devoted to the study of the characteristics of growth optimal portfolios. Finally, in section 5 we present various results relating the different market concepts.
92 The financial market. On the market an investor can observe the prices of l+d securities at the dates t = O,l,...,T where T is the time horizon. Uncertainty is modelled by a probability space (Q&P). One of the securities is a bond (or savings account) with interest rate rt, E&I'. The bond price process is defined by f (2-l) Bt := (l+rl). . . . -(l+r,) , OltlT, where B. = 1.
The other d securities are called stocks. The evolution of the prices, will be modelled by a d-dimensional stochastic process {St, t=O,l,..., T} where So is deterministic. Then B, and the components S: of St, lad, are assumed to be positive. The information structure will be represented by random variables H, with values in some space L+ ,oltcy, (which is endowed with some o-algebra zt if S+ is uncountable). There Ht describes the history of the market at time t where HO is a given constant, HO := 0 say. Previous histories are never forgotten; therefore we assume that Ht-l is a function of H, (which is measurable if P, is uncountable). We say that a stochastic process {Z,} is adapted (to the information structure) if Zt = $&It) for some measurable function 6. This implies that Z. is deterministic. It is natural to assume that {r,) and {St} are adapted, since the investor can observe rt and St. In many cases rt will be deterministic or predictable (i.e. a function of Ht-1 ), but we don't need such an assumption for the theory of this paper.
3
Remark 2.2. If &Jt is finite or countable then one obtains a partition at = { {Ht=h}, heC$} of CL?. The assumption, that Ht-l is a function of Ht is expressed by the property that fit-1 5 fit. The assumed information structure is as general as assuming that the information structure is given by a filtration, i.e. by an increasing family of sub-o-algebras {zt} of 3. In that situation namely, one can choose (sZ$$) := (G&5,) and Ht as the identity on SL, now considered as measurable function from (sZ,n to (Q,$). Then any TtTmeasurable mapping is a measurable function of Ht. [] For any vector-valued process {Z,}, let us define the backward increment by AZ, := Zt-Z,l.
Further, we write xT for the transposed vector and xT .y for the inner product of x,y E Rd.
As was shown by Harrison and Kreps (1979) , one can use a reduction to the case where the 5 interest rates of the bond are zero upon defining the discounted stock p&e process St = (": ,...,"$T by (2.3) Sk t := SF / Bt , k= l,..., d, t = 0 ,..., T.
The relative risk process {R, = (R: ,..., Rt)', lMT} [cf. Karatzas & Kou (1996) ] is defined by (2.4) 1 +R;:= 1 + Ask/Sk t t-l = (1 + AS:/ St-l) / (1 + rt)
where { AS:/SF-I. llt_cT } is the return process corresponding to {SF, Olt_cy} [cf. Pliska (1997) 6 3.21. Then we get (2.5)
Sk t = q-1 (1 +R;)=S;(l +R$..:(l +R;).
z The reader may think of the history as Ht := (rl,Rl,..., rt,Rt) , but more general situations are also allowed where nontraded assets can be included in the history. It is convenient to choose {(rt,Rt)} as underlying basic process because assumptions like independence are easier to state in terms of . this process. Then the other processes are defined through (2. l), (2.5), and (2.3).
A portfolio plan is given by an lRd -valued adapted stochastic process 5 = {$, 094') . During (t-l,t] the investor holds a portfolio q-1 = (4~-l,...,~~-l)T where k:-1 denotes the number of shares of' the k-th stock. A consumption plan is a real-valued adapted stochastic process {ct, 1ltCT) . One should note that negative consumption is not forbidden. Sometimes ct is called dividend and {-ct, l%T} is called the cost process . A portfolio and, consumption plan is described by (5,~) and just called a plan for short. Given the initial wealth x, the number q, of shares of the bond in [t,t+l) is then specified by (5,~) according to the budget equation (2.6) q. + $-So = x, qtBt + c;S, = q,lB, + c;-l St -ct , 1ltcT.
The value process 5 3c {V t "(x)} and the discounted value process {V t ' (x)} are given through It is convenient to introduce the pre+consumption value process {VFf(x), l%T} by . A portfolio plan 5 describes a self-financing portfolio plan with value process {V;(x), OlKI'} if the equations (2.6) and (2.7) hold for ct = 0, IlKI'. We assume the well-known no-arbitrage condition, i.e. that one of the following two equivalent conditions holds:
(NA) For any self-financing portfolio plan 5 one has:
(1) 5 5 VT(o) 2 0 a& implies VT(O) = 0 a& ; (2) for IlET: Ci-1 .A!$, 2 0 a.s. implies 6:~1 -h$ = 0 a.s.
[cf. Schachermayer (1992) ]. The (NA) condition immediately implies that $0) 1 0 a.s.
V l%T if only V!$O) 2 0. 5 EC A'plan (&c) is called admissible if V, ,'(x) > 0 a.s. , OltcT, and VT' (x) 2 0 a.s. . An admissible self-financing portfolio plan can also be described by a portfolio process rc = (nt, WtcT) defined through (2.10) 3 =(7( ,..3$', n; := e;: . Spv'i(x, .
As a ,portfolio plan, a portfolio process 'IC is an Rd-valued adapted stochastic process. Then nt =&.S,N,(x) and
Thus, by use of n;, one is able to write Vt as an exponential. This representation is also used in continuous time [cf. Karatzas & Kou (1996) , Korn (1997a) Here admissibility is independent of the initial wealth x and thus easier to handle. Conversely if any admissible process n is given and we define V:(x) as in (2.11) and 5 through Irk -VZ(x)/Sk -* tt t -. $ , then we obtain V:(x) = V t (x) by induction. 5
Thus, one can describe each admissible self-financing portfolio plan by an admissible portfolio process and vice versa. Let us write II for the set of admissible portfolio processes X. In the present paper, we will use the concept of a portfolio process only if it is self-financing. In order to use an L1-L--framework, some boundedness of the risk process will be assumed, which is also used in continuous time [cf. Karatzas & Kou (1996) , Kom (1997a) To formulate some market concepts later on, it is necessary to consider further probability measures Q on (St&n which are equivalent (to the given physical probability measure P), i.e. From the'Fundamenta1 Theorem of Asset Pricing' [cf. Dalang et al (1990) , Schachermayer (1992) , Rogers (1994) , Jacod & Shiryaev (1998) ] we know that a is not empty if and only if the no-arbitrage condition (NA) holds. Then there even exists some Q' E a such that dQ'/dP is bounded. Then for all Q E U, P [B] = 0 @ Q [B] = 0. Thus, when writing a.s. we do not need to specify the underlying measure. It is known [cf. Harrison & Pliska (1981) , Jacod & Shiryaev (1998) ] that in discrete time the assumption of completeness (i.e. U is a singleton) is a severe restriction and in general incomplete market situations one has several choices of equivalent martingale measures (from the convex set U). Further, it is well-known [cf. Harrison & Kreps (19'79) ] that each martingale measure corresponds to a consistent price system. Thus in incomplete markets, no preference independent pricing of contingent claims is possible.
2.16 Bayes' Formula. For Q E rl and dQ/dP =: L we have for any real random variable X bounded from below: EQIXIHt] =EIL*XIHt] /EILIHt] .
For a proof see Karatzas & Shreve (1988, p. 193) . By the same sort of argument one can prove that dpdQ -TIT 1 L&Q) with (3.2a,b) implies that Q is a martingale measure. However, we will not need this part if the lemma. [] 3.5 Corollary. Let Q E a and Lt(Q) be given as in 3.1, 15tcr. Then one has for any bounded random variable Zt = $(Ht) depending on Ht and Wmctg: \ (3Sa) In view of (3Sb), we have for any bounded random variable 2, = C,t(Ht) (3.8a)
EQ~~+~m+l"" '~~z~,IHm] =Dm~Q)EIDt(Q)'ZtIHmI * Furthermore, we obtain from (3.la,b):
The relations (3.8) justify the name state-price deflator [cf. Duffie (1992, p. 23)] . By noting that the left-hand side of (3.8a) is a possible price of the contingent claim Z, (w.r.t. the pricing system given by Q) and by writing the right-hand side for m=O as
one can interpret D&Q,w) as the current price of one unit of money paid at the future time t when the economy is in state o. This interpretation also justifies the use of the name path dependent portfolio value for (3.9) where 3.10 Lemma. For any Q E C2 and any bounded plan (5,~) one has:
the process {V~'~(x 1 Q), OltSI'} is a martingale. , We remind the reader that we can interpret a martingale as a stochastically constant process.
Proof. From (2.9) we conclude
, which implies by (3.5):
and the assertion follows. [] In accordance with Hellwig (1996a,b) , 5 V t 'G(x I Q), OltSI', is called the present economic value of (C&C) at time t associated with Q E a where one has: Now we can define the concept of a value conserving plan introduced by Hellwig (1989) and the generalization presented by Hellwig (1996b,c) .
3.12 Definition. (a) A bounded plan (5,~) is called value preserving for the initial wealth x if one of the following equivalent conditions holds for some Q E U: Relation (3.13b) means that consumption coincides exactly with the marginal return due to the risk-adjusted interest rate. Note especially that this could lead to a negative consumption ! The sequence {X&Q), OS&T} is the desired value sequence. Examples will be given below where X,(Q) indeed depends on Q. In the situation of 3.12, we say that (5,~) is value preserving (oriented) with associated Q E Tz if we want to specify Q. However, it will turn out that Q = Q* is uniquely determined by the properties in 3.12. The following lemma is known from Wiesemann (1995a Wiesemann ( ),(1995b .
3.15 Lemma. The conditions (3.13a) and (3.13b) as well as (3.14a) and (3.14b) are indeed equivalent.
Proof. It is sufficient to prove the equivalence in (3.14). If (3.14a) holds then we get from (3.1 la):
X+,(Q) = 1 + ; (Q) [Ct + x,(Q)1 and thus (3.14b). On the other hand, if (3.14b) holds we t obtain from (3.1 la):
Starting from VT T x 1 Q) = VT'"(x) = X,(Q) 5;"t 5 we get the relation (3.14a) by backward induction.
[ By use of (2.9) and forward induction, it is easy to prove the equivalence of the conditions in 3.16 (a) and (b). From (3.11 b) one immediately obtains:
3.17 Lemma. (a) A value preserving plan is weakly value preserving.
(b) A value oriented plan with associated Q is weakly value oriented w.r.t. {X&Q)}.
In order to show that the generalization in 3.12b of the concept of value preserving is useful we consider two examples.
3.18 Example (Self-financing portfolios). [cf. Hellwig (1996c) , Schal(1998) ]. Let us consider the case With the interpretation of the risk adjusted rates of return as the return rate of the market, one can think of X,(Q) as the value process of one unit of money invested in the market at time 0 and left there until time t. In this special case, (3.14b) is obviously equivalent to Then {X,(Q)} is a price process of the option. Now consider the case that there exists some Q E U and some plan (5,~) which is value oriented with associated Q and w.r.t. {X&Q)} in sense of definition 3.12b. Then starting from an initial wealth (3.19b) ' = EQ [+I the contingent claim can be hedged by the value oriented plan (&c), i.e. we have VT k'yx) = x. Note that this strategy will in general not be a self-financing one ! We will however demonstrate in section 5 that it has some attractive features. In particular we have:
Below, it will be shown that there exists at most one such Q and sufficient conditions for the existence will be given. Thus x = E Q [X/BT] can be considered as a candidate for a price of the contingent claim. [] The following property was introduced by Kom (1997b) for a continuous-time model.
3.20 Definition [cf. Kom (1997b) ],. A plan (5,~) is called interest oriented if the following condition holds for some Q E rl:
t For an admissible plan one can define the portfolio return of (5,~) in t by
The first identity of (3.20a) just recalls the definition of V+. Example 3.18 gives rise to the following definition:
3.21 Definition [cf. Long (1990) ]. An admissible portfolio process n: E II is called a numeraire portfolio if one of the following equivalent conditions holds: In view of (2.1 l), (3.6), and (3.7) the two conditions (3.22a) and (3.22b) are indeed equivalent. In the situation of 3.22 we can write (3.8b,c) as: Thus, if one replaces the discount factor l/B, by l/V:(l) then the discounted price processes are martingales under the given physical probability measure. Recall that B, is the value at time t of one unit of money put on the bank account at time 0 whereas V:(l) is the value of one unit of money due to profit of investment according to n;. Thus, one can replace the change of measure from P to Q (defined by (3.8a)) by a change of numeraire. The value process defined by some numeraire portfolio (if it exists at all) is known to be unique [cf. Theorem 5.4 below].
3.24 Definition. A portfolio process n;* is called a gtowth-optimal portfolio if
A growth-ptimal portfolio n; maximizes the expected value of the logarithm of the terminal value, or equivalently, n; maximizes the expected growth rate of wealth invested in the market. as,(h) := { e E O&h); 3 o E Z&h) with 1 + BT-a = 0}, &l(h) =: &)I. In Lemma 4.3a below, we will provide another characterization of O&h). In order to get admissible portfolio processes we look for portfolios 6 in @&h)\%,(h). But for reasons of compactness we first start with O&h). It is known that the no-arbitrage condition also holds locally a.s. [cf. Dalang et al. (1990. Lemma 2. 3) , Pliska (1997, (3.22) ), Jacod & Shiryaev (1998) The equivalence of the two characterizations of (NA)* can be proved as Lemma 4.3a below. The following geometric characterization is given by Jacod & Shiryaev (1998) . 
0 is an interior point of conv(X&h)) relative to at(h); (3) 0 is an interior point of conv(Z&h)) relative to 4(h).
By definition, the conditions are always satisfied in the case Et(h) = (0). The equivalence of (1) and (2) was proved by Jacod & Shiryaev (1998, Theorem 3) . "(2) $ (3)" Assume that (2) holds. Then 0 E at(h) and thus at(h) = 4(h). "(3) $ (2)" If (3) holds, then 0 E conv(X&h)) c at(h) and we again have at(h) = <(h). [] We recall that the random variable Rt is assumed to be bounded; thus for any t one can find some Proof. Since O&h) and .Z(<h) are closed it is sufficient to prove that C$(h)&$(h) is bounded. One can give a proof using Remark 4.2 and Lemma 4.3~. But a direct proof is also available. Assume that there is some sequence {f3,,} such that en E Ot(hn)n+hn) such that 0 c ]lS,l] + 00
and hence E, = l/~~f+i.i~~ + 0. Then en := E~.B, E -z(ch,) n SdD1 where Sd-' = {MRd; Il*ll=l} denotes the sphere. By assumption'we have 1 + 6:. cr 2 0 and thus E, + ei .cr 2 0 V CY E Z&h).
Since +hn)nSdsl is compact there are some subsequence (n') c DI and some e E 4(hn)nSd-' such that en, + e . This implies that eT. cs 2 0 V CJ E Et(h) . By (NA)* this implies eT. cr = 0
V cr$(h). But then eTcr = 0 V CF E 4(h) which contradicts e E <(h)\(O). '[I
Now we use the logarithmic utility function and define the conditional expected utility as (4.5) I&h,@ := E [ln( 1 + 6'. Rt) I Ht-l--h] = I ln(1 + BT. cr) qJh;do) , 8 E O&h), h E at-l.
4.6 Lemma. Let P denote the compact metric space of all dxd orthogonal projection matrices and let Ft : &+-I I+ P be defined such that F&h) is the orthogonal projection on 3(h). Then the mapping (h,6) H It(h)8 is measurable and (1) Q is finite; (2) Et(h) is independent of h E Pt-1 for 1 < t IT.
Proof. From Remark 4.2 we know that for each h E at-l there exists some at(h)>O such that B(O,&&h))nJ$h) c conv(XJh)). In the case (1) we may assume w.1.o.g. that sZt_l is finite. Then define Et := min {at(h), h E Q}. In the case (2), Et(h) and hence $(<h) are independent of h. Then just define &t := a&ho) for some ho&+-l. [] In many papers it is assumed that the random variables (rl,Rl),...,(rT,RT) are independent. Then one chooses Ht = (rl,Rl,..., rt,Rt) and Rt and I-It-l are independent. Then qt(.-] h) and thus Et(h) are independent of h, i.e. 4.10 (2) holds. In order to obtain relations to the concept of the numeraire portfolio we need the following result proved in SchSil(1999a,b):
4.14 Theorem. Let 'p, be defined as in Lemma 4.7. Then, the condition 
09
.n* is a numeraire portfolio.
Proof. We obtain from Theorem 4.14: [I We will give a sufficient condition for (4.15) which is far from being necessary, however. Consider the situation where Et(h) is a polytope in 4(h), i.e. a bounded polyhedral set as in the important case where Et(h) is a rectangle
We assume that the vertices have positive probability or more generally that each ball B(o,&) around a vertex o with radius ~0 has enough probability. Hakansson (1971) that the optimal portfolio can be chosen as an interior point in case of the log-utility.
55 Relations between the market concepts.
Let us define the measure Q* by x (5-l) do" dP := BT-J V+ , where {Vt, * OST} is the growth-optimal value process. 1
It is well known that there are strong relations between the growth-optimal portfolio and the numeraire portfolio [cf. Long (1990) ] or the value preserving portfolio [cf. Hellwig (1993) , Wiesemann (1995a) l. We start with the following relation [cf. Conze & Viswanathan (1991) 
5.2 Theorem. Let 'T[ E Il be a numeraire portfolio, then 7r is a growth+ptimal portfolio.
Proof. We know from (3.22b) that Lt := l/(1 + rctll .Rt) , lltST, defines some Q E a by $L=nT t =l Lt = I/?:( 1). Therefore we can conclude from (3.2a,b) that
?F'(l)] = 1, lItIT,forany'lc'E II. Now we obtain from Jensen's inequality
. In view of (2.1 l), 'It is optimal for any initial value x>o. [] On the other hand, it is known that the existence of a growth-optimal portfolio will not imply the existence of a numeraire portfolio [cf. Becherer (1999) ]. We will give an example. -lJ"~l+cr)odo +(l-h).oll $l+a)adcr =&h>O. Hence there is no 6 E 0 such that f(e) = 0, i.e. such that dQ/dP = l/(1 + a .R) defines some Q E U and 6 is hence a numeraire portfolio. On the other hand, we have
Thus, we finally obtain that maxa [ ( E In 1+6-R)] =E[ln(l+R)] (=,I'f@)d6<m) and 6* = 1 is the growth--optimum portfolio. [] Becherer (1999) gives a more general definition of a numeraire portfolio such that each growth-ptimal portfolio is a numeraire portfolio.
5.5 Theorem. If Q E fi is a martingale measure defined by a numeraire portfolio 'II E II according to (3.22b) then Q = Q*. Especially this implies that Q* E 0 if a numeraire portfolio exists. Q Proof. (i) Let 'TI; be a numeraire portfolio and dP = BT/V!$l). Then 1~ is growth-optimal. From Theorem 4.12 we conclude dQ/dP = dQ*/dP a.s. and thus Q* = Q E a (ii) One can also give a direct proof of the uniqueness of Q [cf. Conze & Viswanathan (1991) The quantity r&X IQ) is called the desired growth rate in Hellwig (1996~) and is only defined if Xt-l(Q) > 0. However this property is necessary if the plan (5,~) should be admissible. 5 CC Proof. We only consider (b) and write Xt := X,(Q), Vt := V,"(x) and Vt T := Vt 'T(x I Q). "(1) $ (2)" Suppose (3.14b) holds. By Lemma 3.17, (4,~) is weakly value orienied. Thus, we can then replace Xt by V, and obtain (3.20a). "(2) $ (1) Suppose Vt = Xt for 1 5 t I T. From (3.2Oa) we get Xt+ct=Xt 1 . [ 1 + r,(Q)], K&T, i.e. (3.14b) holds. "(1) $ (3)" We can apply both (3.14a) and (3.14b). \ "(3) $ (1)" We want to show (3.14a), i.e. V, T assume (3.14a) for t. Then we obtain from (iii):
= X,, which holds for t=T by assumption. Now [ 1 + r,(Q)] . VtB1 T -ct = V,l T.Xt/Xt-l = ' , 't-1 T ' 't T)/xt-l-On the other hand we know from (3.1 la):
In the next theorems, we will use the transformation (2.10) from 5 to n also for a not necessarily self-financing plan (5,~). I 5.7 Theorem. Suppose that (t&c) is an admissible plan and define n; E II by $ := 6;. S$vp(x), l&k-l, olt(T. Then the following statements are equivalent for Q E a: (1) (&c) is interest oriented w.r.t. Q ; (2) (5,~) is interest oriented w.r.t. Q = Q*;
(3) n forms a numeraire portfolio and dR = II:,1 Q l/( 1 + n;;-l. Rt);
(4) n; forms a numeraire portfolio and Q = Q*.
Proof. By definition of n we have: Thus we conclude from the first relation: (1) @ l/L&Q)= 1 + XT-1 .Rt , lStGI', e=> (3). We know from Theorem 5.5 that "(3) ($ (4)" ; finally we have (1) We can now explain the construction of a value preserving plan. 5.9 Theorem. Suppose n; is a numeraire portfolio and {Xt, O&GT} is an adapted stochastic process.
Define 6; = (X&) 7rt , OstcT, ct = (1 + rt).
(1 + ni-1. Rt). X,I -Xt . Then (5,~) is value oriented w.r.t. {Xt, Olt_c} in x := X0 [necessarily with associated Q = Q* E L2 and {X&Q*), Oltcy} := {Xt, OltGT}] . E
The construction of (5,~) in Theorem 5.9 was also given by Wiesemann (1995) .
Proof. Set Xt := Xt/Bt and Lt(Q*) := l/( 1 + ni-1. Rt) =: [ 1 + rt]/ [ 1 + r&Q*)]. Then we have by assumption Z t = (1 + xi-1 . Rt). Xt-l -Xt. We want to consider the case where we start with an initial wealth x = X0 and we first will show: 5 V t "(x) = X,. The property holds for t=O. Now suppose it is true for t-l. Then we have by (2.9):
5,c Now we know that VT (x) = XT. From the definition of ct we further have:
The theorem provides the following construction of the value oriented plan: We start with an initial wealth V. = x. Suppose we have constructed the value Vt-l of the plan at t-l such that Vt-I = Xt-1. Then we choose ~~-1 := 7rT-1 according to (4.8a) which is growth optimal in the sense of Lemma 4.7~. [We know by Theorem 5.2 that the numeraire portfolio 'II; is necessarily growth optimal]. Then we get according to (2.9) (5.9a) =&.B,.
[l +n;i -l.R,] =Xt-l.(l+rt).
[l +7rT-l.Rt]. which can be interpreted as a condition for (5,~) being mean-self-financing with respect to Q*, i.e. the conditional expected discounted signed consumption has a zero value. In other words, the aggregated discounted consumption is a Q* -martigale. As the consumption payments are real physical payments it should be interesting for the investor how the (aggregated) consumption process evolves with respect to the physical measure P. Let us again use the notation : in view of (5.12). The investor is free to use the value process of the numeraire portfolio as numeraire instead of the bond price process (cf. Artzner (1997) ). With the new numeraire . however, it turns out by (5.13) that (5,~) is now mean-self-financing with respect to P. Thus our plan (5,~) enjoys the two properties of being a mean-self-financing hedging plan and of being locally growth optimal in the sense of (5. On the other hand ,we know from Theorem 4.22b and Corollary 4.16a that Ll = { 1 + ~6Rl}-' > 0 always defines a martingale measure if Sz is finite. Now we will prove that the martingale measure from the Girsanov transformation coincides with the martingale measure from the numeraire portfolio only in a binomial model that means only for a complete market according to Harrison & Pliska (1981) and Jacod & Shiryaev (1998) . . A (non-Markovian) binomial model is characterized 4 by the fact (5.17) Rt E {++<Htalh Pt<Ht-l>} a.s. 15 t 5 T.
5.18 Theorem. Let Q* be the measure defined by (5.1) and let Q" be the (possi,bly signed) minimal martingale measure. Then Q* = Q" if and only if (5.17) holds.
Proof. If (5.17) holds then we conclude from Theorem 4.22 and Corollary 4.16 that Q* E Tz. Moreover it is easy to derive from (5.17) that there is exactly one martingale measure (even in the larger class of signed martingale measures) which necessarily agrees with Q* and Q" [cf. Jacod & Shiryaev (1998) ]. Now assume that Q" = Q*. Then we have dQ'/dP = dQ*/dP I 0 a.s. and thus Q" is not only a signed martingale measure but even Q" E Tz, and hence Q* E U. Thus Lt(Qo) = bt_l(Ht-l) + at..JHtB1)-Rt = { 1 + 7~:~~ -I$}-' =: LT a.s. .
Assume that P[ -at(Ht-1)~ R, < pt(Ht+l)}] > 0. We have by (4.8a): rrT-1 = 'pt_l(Ht-1). i
Then there is some h&+-l such that:
(1) P [-;(W R, < P&h>} 1 HtBl=h] > 0, P
P[btsl(h) + atBI(W$ = { 1 + 'Pt-l(Wl$}-l IHtsl=h] = 1, SchHl (1999) to get an upper bound for the price of a contingent claim in terms of the price of a binomial model. In continuous-time models with continuous asset prices the situation is completely different. There Q* agrees with the minimal martingale measure although the market may be incomplete [cf. Kom (1998)-j. [] 
